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$(A_{i})_{i\in I}$ $C^{*}-$ $B$ $C^{*}-$ $i\in I$
$\iota_{i}$ : $B^{\mathrm{c}}\Rightarrow A_{i}(\iota_{i}(1)=1)$ $i\in I$




$i\in I$ $\iota_{i}^{\sim}A,$ $=*A(\iota_{i}^{\sim}(1)=1)$
$\iota_{i}^{\sim}(\iota_{i}(b))=b\sim j(\iota_{j}(b))(b\in B, i,j\in I)$
( $B$ $A$ $C^{*}-$ )
$\bullet$ $E$ : $Aarrow B$ 1 $i\in I$ $E\circ\iota_{i}^{\sim}=E_{i}$
$\bullet$ $(\mathrm{A}_{i})_{i\in I}$ $(A, E)$ free
$\{\iota_{i_{1}}^{\sim}(x_{1})\cdots b_{i}(\sim nx_{n})|x_{l}\in \mathrm{k}\mathrm{e}\mathrm{r}E_{i}, i_{l}l\neq i_{l+1}(1\leq l\leq n-1), n\in \mathrm{N}\}\subset \mathrm{k}\mathrm{e}\mathrm{r}E$
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$\bullet A=C^{*}(\cup i\in I\iota i\sim(Ai))$
$\bullet$ $x\in A$ E(y*x*xy) $=0,$ $\forall y\in A$ $x=0$
[ ]
$(A, E)$ $(A, E)$ [
– [4]
[ 2]







$(A, E)=B*(A_{i}, E_{i})$ $i\in I$
$E_{i}$
$B$ state $E$
[ 12] [2] [2] K.Dykema $B=$
$\mathbb{C}$ ( ) [ 1.2]
\S 2.
[ 2.1]
$m(1),$ $n(1),$ $m(2),$ $n(2)\in \mathrm{N}$
$(A, E)=(Mm(1)+n(1), E1)\mathbb{C}^{*(}2M_{m}(2)+n(2),$ $E_{2})$
$j=1,2$ . $\{e_{pq}^{(j)}\}1\leq p,q\leq m(j)+n(j)$ $M_{m(j)n}+(j)$ .
$\bullet$
$\iota_{j}$ : $\mathbb{C}^{2_{\mathrm{C}}}arrow M_{m}(j)+n(j)$







$E_{j}( \sum_{qp},a_{pq}e)(pj)q=(\frac{1}{m(j)}\sum_{p=1}^{m}(j)a_{pp}, \frac{1}{n(j)}\sum_{+p=m(j)1}^{)}a_{pp})m(j)+n(j$ .
[ 1]
$(A, E)=(M_{1+1,1}E)\mathbb{C}^{2}*(M_{1+1}, E_{2})$ 2.1
$A\cong C(\mathrm{T})\otimes M_{2}$
– ?















$M_{1+n},$ $M1+1$ $\{e_{pq}\}_{1}\leq p,q\leq 1+n’\{f_{pq}\}_{1\leq}p,q\leq 2$ $A$
$A$
( ) $e_{11}=f_{1}1,$ $e22+\cdots+e1+n1+n=f22$
31
$e_{11}Ae_{11}=\cdot \mathit{0}*(S1, \ldots, sn)(S_{p}=f_{12}e1+p1,1\leq p\leq n)$
( )
$S_{p}^{*}S_{p}=e_{11}(1 \leq p\leq n),\sum_{p=1}S_{p}s_{p}^{*}=e11$
$e11Ae11\cong \mathcal{O}_{n}$ $A\cong e_{11}Ae_{11}\otimes M_{2}$
\S 3. $(M_{1+m}, E_{1})*\mathbb{C}^{2}(M_{1+n}, E_{2})(m, n\geq 2)$
[ $\mathrm{s}.1$ ] $([1])$




$\bullet$ $\varphi_{1}(uxu^{*})=\varphi_{1}(x)(x\in A_{1}),$ $\varphi_{2}(vxv^{*})=\varphi_{2}(x)(x\in A_{2})$
$A$
[ $3.2$] $([3])$
$(A_{1}, E_{1})*B(A_{2}, E_{2})$ 2 $(\wp)$ , ( )
$A$
$(\wp)A_{1}$ $a_{\text{ }}A_{2}$ $b,$ $c$ 3
$\bullet E_{1}(a)=E_{2}(b)=E_{2}(C)=E_{2}(b^{*}c)=0$
$\bullet$ $a(\mathrm{k}\mathrm{e}\mathrm{r}E_{1})a^{*}\subset \mathrm{k}\mathrm{e}\mathrm{r}E_{1},$ $b(\mathrm{k}\mathrm{e}\mathrm{r}E2)b^{*}\subseteq \mathrm{k}\mathrm{e}\Gamma E_{2}$
$\bullet\forall c_{0}\in B,$ $\forall j\in \mathrm{N},$ $\exists\{m_{k}\}_{k=1}^{\infty}(0<m_{1}<m_{2}<\cdots)\mathrm{s}.\mathrm{t}$.
$[(ba)^{m_{k}}CaC(ab)^{j}]_{C}0=c\mathrm{o}[(ba)^{mk_{C}}ac(ab)j](\forall k\in \mathrm{N})$
( ) $B$ $*-$ $J$ $j=1,2$ 3
$\bullet$ $x(\mathrm{k}\mathrm{e}\mathrm{r}E_{j})\subseteq \mathrm{k}\mathrm{e}\mathrm{r}E_{j},$ $xB\subset B$ $x\in A_{j}$ $xJ\subset J$
$\bullet$ $(\mathrm{k}\mathrm{e}\mathrm{r}E_{j})x\subset \mathrm{k}\mathrm{e}\mathrm{r}E_{j},$ $Bx\subset B$ $x\in A_{j}$ $Jx\subset J$
$\bullet$ $x_{1}(\mathrm{k}\mathrm{e}\mathrm{r}E)\dot{\gamma}X_{2}\subset \mathrm{k}\mathrm{e}\mathrm{r}E_{j},$ $x_{1}Bx_{2}\subset B$ $x\in \mathrm{k}\mathrm{e}\mathrm{r}E_{j}$ $x_{1}J_{2}x\subset$
$J\mathrm{B}_{\mathrm{Y}}^{*\text{ }\perp}\iota" \text{ }$
32
[ 32 ]
$(A, E)=(M_{m+n}, E_{1})\mathbb{C}^{2}*(M_{1+1}, E_{2})$ [ 2.1] $m\geq 2$
$n\geq 2$ [ 32] $(\wp)$ , ( ) $A$
[ ]
$m=1,$ $n\geq 2$ \S 2 [ 2]
$A\cong \mathcal{O}_{n}\otimes M_{2}$
$m=n=1$ \S 2 [ 1] $A\cong C(\mathrm{T})\otimes M_{2}$
$(?)$
$(A, E)=(M_{1+m}, E_{1})*\mathbb{C}^{2}(M_{1+n’ 2}E)(m, n\geq 2)$ ( [ 21] )
$C^{*}-$






$(A, E)=(M_{1+n}, E_{1})*\mathbb{C}^{2}(M1+n’ E2)(n\geq 2)$ [ 2.1]
$A\otimes M_{n}\cong((Mn’\tau_{n})\mathbb{C}*(c(\mathrm{T}), \mathcal{T}))\otimes M_{1n}+$
$\tau_{n}$ $M_{n}$ $\tau$ $\tau(f)=\int_{0}^{12\pi it}f(e)dt(f\in C(\mathrm{T}))$
[ 3.4]
$(A, E)=(M_{1+n}, E_{1})*\mathbb{C}^{2}(M_{1+n’ 2}E)(n\geq 2)$ [ 2.1] $C^{*}-$
[ 3.3] [ 34]














$A$ $C^{*}-$ $A_{1},$ $A_{2}$ $(e_{22}+\cdots+e_{11n}+n+)A(e_{2}2+\cdots+e_{1+n1}+n)$ state $\varphi$
$\{$
$A_{1}=C^{*}(e_{2}3, \ldots, e_{2}1+n),$ $A_{2}=C^{*}(\Sigma^{1}i=2i1+nefi_{i}\rangle$
$\varphi(x)=E(x)$ 2 $(x\in(e_{22}+\cdots+e_{1}+n1+n)A(e_{2}2+\cdots+e_{1+n1n}+))$
$\bullet$ 12( $\varphi$ )
$\bullet$ ( )
$\bullet$ \S 2 [ 1]
3
$\bullet((e_{22}+\cdots+e_{1++n}n1)A(e22+\cdots+e_{11}+n+n), \varphi)\cong(A1, \varphi)*(A2, \varphi)\mathbb{C}$
$\bullet A_{1}\cong M_{n},$ $A_{2}\cong C(\mathrm{T})$
2
[ 3.5]
$(A, E)=(M_{n+n}, E_{1})\mathbb{C}^{2}*(M_{1+1}, E_{2})$ [ 2.1]
$M_{n+n},$ $M1+1$ $\{e_{ij}\}_{1\leq i},j\leq n+n’\{f_{ij}\}1\leq i,j\leq 1+1$
$e_{11}Ae_{11}\otimes M_{n}\cong(M_{n}, \tau_{n})*\mathbb{C}(C(\mathrm{T}), \tau)$
[ 33]
$e_{1111}Ae\otimes M_{n}\cong f1_{1}Af_{1}1$ $(M_{n}, C(\mathrm{T})$ )A $C^{*}-$ $A_{1},$ $A_{2}$




$.((M_{1+}E_{1}n’)_{\mathrm{c}^{*(}2}2M_{1}+n’ E2))\otimes M_{p}\cong((Mn+n’ E1)*\mathbb{C}(M1+1, E2))\otimes M_{q}$
( [ 2.1]
)
$m,$ $n\in \mathrm{N}$ (m\neq n )
$\lceil_{m,n}\in \mathrm{N}$ p $q$
$((M_{1+m}, E_{1})*\mathrm{c}2(M_{1+n}, E_{2}))\otimes M_{p}\cong((M_{m+n}, E_{1})\mathbb{C}^{2}*(M_{1+1}, E_{2}))\otimes M_{q}$
$(M_{1+m}, E_{1})*\mathbb{C}^{2}(M_{1+n}, E_{2})(m, n\geq 2)$
[ 32] –
[ 32]
[ 32] ( )
$m,$ $n\in \mathrm{N}$
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